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Abstract
We obtain the necessary conditions for nonspecial line bundles of degrees 2g− 4 and 2g− 5
on a smooth curve not to be normally generated. Also, we get the necessary and su6cient
conditions for special very ample line bundles of degree 2g − 7 on a smooth curve not being
normally generated.
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1. Introduction
In this paper, we mean a curve by an irreducible projective algebraic curve over
the algebraically closed ;eld of characteristic 0. Let C be a smooth curve of genus g.
Recall that the curve C in Pr is said to be projectively normal if the natural morphisms
H 0(Pr ;OPr (m)) → H 0(C;OC(m)) are surjective for every nonnegative integer m. We
say that a line bundle L on C is normally generated if L is very ample and C has a
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projectively normal embedding via its associated morphism. We have known that any
line bundle of degree at least 2g+1 on any curve of genus g and a general line bundle
of degree 2g on a nonhyperelliptic curve of genus g are normally generated [3,10,11].
It has shown that the canonical line bundle on a nonhyperelliptic curve is normally
generated [11]. Recently Kato, Keem, and Ohbuchi, gave the necessary and su6cient
conditions for nonspecial very ample line bundles of degrees 2g− 2, 2g− 3 and also
for special line bundles of degree d¿ 2g − 6 being normally generated [7]. In this
paper we determine the conditions that nonspecial very ample line bundles of degrees
2g−4; 2g−5, or special line bundles of degree 2g−7 on a smooth curve are normally
generated. It is possible that such theorems are extended to the line bundles of lower
degrees by similar proofs, but it is rather complicated.
To prove the results in this paper we will use the following extracted from the proof
of Theorem 3 in [4]. If a line bundle L of deg L¿ (3g + 1)=2 on C is not normally
generated, then C has some line bundle A= L(−R); R¿ 0 with h1(C; A)¿ h1(C; L) +
2; h0(C; A)¿ 2 and CliI(A)6CliI(L). In fact, we deduce our conclusions by inves-
tigating the image curve of C via the morphisms associated with A or KA−1. First
we will prove that L ∼= K − g1a+4 + R4, R4 ∈C4 if dim|KA−1| = 1, and |KA−1(−B)|
is not birationally very ample if dim|KA−1|¿ 2 and B is the base locus of KA−1 on
some genus bound. Using this we have the necessary conditions not being normally
generated for nonspecial very ample line bundles of degrees d = 2g − 4; 2g − 5 on a
smooth curve.
Theorem 1.1. Let C be a smooth curve of genus g and L be a nonspecial very ample
line bundle on C with deg L = 2g − 2 − a, a = 2; 3 and g¿ [(4 + a)(5 + a)]=2. If L
fails to be normally generated, then either
(a) C is a double covering of a genus p curve C′, 06p6 2 and L ∼= K −∗gnn+p−
Bb + R2(n+p)−a+b, 06 b6 a+ 2− 2p, 26 n6 (3g− 3)=4− p;
(b) C is trigonal and L ∼= K − (2 + a)g13 + R2a+6;
(c) C is a triple covering of an elliptic curve C′ and a= 3, L ∼= K − ∗g23 + R6;
(d) C is 4-gonal and L ∼= K − 2g14 − Bb + R8−a+b, 06 b6 a− 2;
(e) C has a g14+a and L ∼= K − g14+a + R4 or
(f) C is a double covering of a smooth plane quartic curve C′ and L ∼= K − ∗g24 −
Bb + R8−a+b, 06 b6 a− 2.
Here we mean that Bb ∈Cb, Ri ∈Ci and  is a covering morphism from C to C′.
The converse holds for (a) with p= 0; 1, (b) and (e).
Next, we can also determine special line bundle of degree 2g−7 on a smooth curve
which is not normally generated.
Theorem 1.2. Let C be a smooth curve of genus g¿ 28 and L be a line bundle on
C generated by its global sections with h1(C; L) = 1, deg L= 2g− 7. Then L is very
ample and fails to be normally generated if and only if the pair (C; E5 := |KL−1|)
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falls into one of the followings:
(1) C is a double covering of a smooth plane quartic curve C′ such that all the
points of (E5) are distinct and exactly four points of (E5) lie on a line in P2;
(2) C is a double covering of a genus 2 curve C′ such that (Pi) = (Pj) for any
two distinct points Pi; Pj ¡E5 in C.
Here  is a covering morphism from C to C′.
We will adopt most notations in [1,5].
2. Preparatory propositions and lemmas
Before going into the results, we recall several lemmas which will be used in our
study. First of all, the following lemma is essential to determine the normal generation
of given very ample line bundle L on a curve.
Lemma 2.1 (Green and Lazarsfeld [4], Theorem 3). Let L be a very ample line bun-
dle on a genus g curve C with h0(C; L) = r + 1 and deg L = 2g + 1 − k for some
positive integer k. Assume g¿ 2k + 4e + 1 for some e¿ − 1 and consider the em-
bedding C ⊂ P(H 0(C; L)) = Pr de;ned by L. Then L fails to be normally generated
if and only if there exists an e<ective divisor D on X of degree d¿ 2n + 2, where
16 n6 r − 2− e− h1(C; L), such that H 1(C; L2(−D)) = 0, dim LD= n and D fails to
impose independent conditions on quadrics in Pr .
From the proof of the above lemma, we see the following which plays very important
role through our work. In fact, the existence of a line bundle gives some determination
of the curve.
Lemma 2.2 (Green and Lazarsfeld [4]). Let C be a smooth algebraic curve of genus
g and L a very ample line bundle on C with deg L¿ (3g − 3)=2 + j; j = 0 if L is
special, j = 2 if L is nonspecial. Suppose L is not normally generated, then there
exists a non-trivial e<ective divisor R and a line bundle A such that (i) A ∼= L(−R),
(ii) degA¿ (g − 1)=2, (iii) CliI(A)6CliI(L), (iv) h0(C; A)¿ 2 and h1(C; A)¿
h1(C; L) + 2.
To prove the results in this paper we need the Castelnuovo’s genus bound as follows.
Let grd be a birationally very ample linear series on a smooth curve of genus g. Let
d− 1 = m(r − 1) + ; 06 6 r − 2. Then
g6 (d; r) :=
m(m− 1)
2
(r − 1) + m:
We call (d; r) the Castelnuovo number. The following lemma will be used to charac-
terize the image curve of C via the map associated with the line bundle KA−1 where
A is the line bundle in Lemma 2.2.
176 S. Kim, Y.R. Kim / Journal of Pure and Applied Algebra 192 (2004) 173–186
Lemma 2.3 (Kim and Kim [6], Lemma 6). The Castelnuovo number has the follow-
ing property: (d; r)6 (d− 2; r − 1) for d¿ 3r − 2; r¿ 3.
We have known the following propositions which tell about the normal generation
of line bundles on trigonal curves or double coverings of some curves.
Proposition 2.4 (Martens and Schreyer [9], Corollary 1). Let C be a trigonal curve
of genus g¿ 4. Let L be a nonspecial very ample line bundle of degree 2g− k with
06 k6m where m is the Maroni invariant of the curve C. Then L is not normally
generated if and only if L is isomorphic to O(K − kg13 + D2k+2) for some e<ective
divisor D2k+2 ∈C2k+2.
Proposition 2.5 (Lange and Martens [8], Proposition 3.3, Corollary 3.4). Let C be a
double covering of genus g of a smooth curve C′ of genus p. Let j be an integer
such that 3p + 16 j6 g − 4 if p¿ 2; 46 j6 g − 3 if p = 1 and j¿ 1 if p = 0.
Then C admits no nonspecial normally generated line bundle of degree 2g+ 1− j.
For the convenience, we need some basic setting up which will be frequently used
throughout this paper.
Setting up. Let C be a smooth curve of genus g and L be a very ample line bundle
on C with h1(C; L) = s and deg L= 2g− 2− a¿ (3g− 3)=2 + , a∈Z¿1 where = 0
if L is special,  = 2 if L is nonspecial. Suppose L fails to be normally generated,
then there exists a line bundle A  L(−R); R¿ 0 such that (i) CliI(A)6CliI(L),
(ii) degA¿ (g − 1)=2, (iii) h0(C; A)¿ 2 and h1(C; A)¿ h1(C; L) + 2 by Lemma 2.2.
Thus CliI(C)6CliI(A)6 a − 2s + 2 by (i) and (iii). Set gnd = |KA−1|, then L ∼=
K − gnd + Rd−a for some Rd−a ∈Cd−a. Let Bb be the base locus of gnd with b= degBb
and  be the morphism associated with gnd(−Bb).
Lemma 2.6. Let C be a smooth curve of genus g and L be in the setting up with
g¿(a− 2s+ 6; 2). If L fails to be normally generated, then
(i) s= 0, gnd = g
1
a+4 and L ∼= K − g1a+4 + R4 for n= 1.
(ii) gnd(−Bb) is not birationally very ample for n¿ 2.
For the case (i), the converse holds.
Proof. Let A, Bb, Rd−a and gnd be in the setting up above. Note that h
1(C; A)¿
h1(C; L) + 2 and so n¿ h1(C; L) + 1. If n= 1, then h1(C; L) = s= 0 and gnd = g
1
d with
d6 a + 4 since CliI(A)6 a − 2s + 2. Thus h0(C; L) − h0(C; L(−Rd−a)) = (2g − 2 −
a− g+1)− g+ d− 1= d− a− 2 by Riemann–Roch theorem. For 26d− a6 3, we
have h0(C; L)−h0(C; L(−Rd−a))6 1, which contradicts that L is very ample. Therefore
d−a=4 and then dimL(Rd−a)=1 where L is the morphism associated with L. Hence
Rd−a fails to impose independent conditions on quadrics in PH 0(C; L). Therefore L is
not normally generated by Lemma 2.1.
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Assume n¿ 2 and |KA−1(−Bb)| = gnd(−Bb) is birationally very ample. If
deg(gnd(−Bb))¿ g, then n6 (2(d−b)−g−1)=3 by Castelnuovo’s genus bound. Hence,
we have
a− 2s+ 2¿CliI(gnd(−Bb))¿
2g− d+ b+ 2
3
=
degA+ 4 + b
3
¿
g−1
2 + 4 + b
3
since CliI(gnd(−Bb))6CliI(KA−1)6 a− 2s+2. Therefore we have g6 6a+5− 12s
which is a contradiction. Suppose deg(gnd(−Bb))6 g − 1, then d − b¿ 3n − 2 using
Castelnuovo’s genus bound. Thus, by Lemma 2.3 and CliI(gnd(−Bb))6 a − 2s + 2
we get
g6 (d−b; n)6 (d−b−2n+4; 2)6 (a−2s−b+6; 2)6 (a−2s+6; 2)
for n¿ 2, which cannot occur. Therefore (ii) is obtained.
3. Normal generation of nonspecial line bundles
In this section we will deal with nonspecial line bundles of degrees close to 2g− 2.
The line bundles of degree 2g−1 which are not normally generated are fully ;gured out
by Corollary 1.6 in [4]. The normal generation of nonspecial line bundles of degrees
2g − 2 and 2g − 3 were dealt in [7]. Therefore we investigate the normal generation
of nonspecial line bundles of degrees 2g− 4 and 2g− 5 in this paper.
Proof of Theorem 1.1. Assume L is not normally generated. Let A, Bb, Rd−a and gnd
be as in the above setting up. By Lemma 2.6 with a = 2; 3, s = 0, either gnd = g
1
4+a
and L ∼= K − g14+a + R4 for R4 ∈C4 and then we have (e) or gnd(−Bb)(n¿ 2) is not
birationally very ample. Note that for the case (e), the converse holds by Lemma
2.6. Suppose n¿ 2. Note that CliI(gnd(−Bb))6 2 + a − b. Consider the morphism
 :C → C′ ⊂ Pn associated with gnd(−Bb). Let m := deg¿ 2; g(C′) = p and H be
a hyperplane section of C′.
If |H | is special, then 26 n6 (d− b)=2m. Therefore we have
4(m− 1)6 m− 1
m
(d− b)6CliI(gnd(−Bb))6 2 + a− b:
Thus m=2 and so 46 (d−b)=26 2+a−b and n=2. If b=0, then 46d=26 2+a
and d is an even number. Hence we get d = 8 since CliI(gnd)6 5 and n = 2. This
yields that |H |= g24 which is special birationally very ample and so the plane quartic
curve C′ is smooth. Therefore C is a double covering of a smooth plane quartic
curve C′ and L ∼= K − ∗g24 + R8−a, for some R8−a ∈C8−a. If b = 1, then we get
46 (d−1)=26 1+a. Whence a=3 and d=9 which produce that |H |=g24 on C′. Hence
C is a double covering of a smooth plane quartic curve C′ and L ∼= K − ∗g24 − P +
R6; P ∈C for some R6 ∈C6. Thus we have (f). From now on we note that Rk ∈Ck for
some k ∈Z¿1.
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In case |H | is nonspecial, then n=(d−b)=m−p and we get the following equation:
(m− 2)(d− b)
m
+ 2p= CliI(gnd(−Bb))6 2 + a− b:
Therefore we obtain (m − 2)(p + 2)6 2 + a − b − 2p since 26 n = (d − b)=m − p.
Hence we get p6 (6 + a− b)=m− 2.
First if m = 2, then p6 (6 + a − b)=2 − 2 and so p6 2. In case p = 2, then
06 b6 a − 2 and gnd(−Bb) = ∗gnn+2 and hence L ∼= K − ∗gnn+2 − Bb + R2n+4−a+b
for some R2n+4−a+b. Assume p = 1, then 06 b6 a and gnd(−Bb) = ∗gnn+1 and thus
L ∼= K−∗gnn+1−Bb+R2n+2−a+b for some R2n+2−a+b. Suppose p=0, then 06 b6 a+2
and gnd(−Bb) = ∗gnn = gn2n and L ∼= K − ∗gnn − Bb + R2n−a+b for some R2n−a+b. Note
that 26 n6 (3g− 3)=4−p since (g− 1)=26 degA=2g− 2− 2(n+p)− b. In all we
have (a). For this case, the converse holds only for p= 0; 1 by Proposition 2.5.
Next if m = 3, then we have p6 (6 + a − b)=3 − 2. First of all if a = 2, then we
get p= 0 which yields that C is a trigonal curve. Therefore Proposition 2.4 produces
L ∼= K − 4g13 + R10 for some R10, and so we have (b). For this case (b), the converse
holds by Proposition 2.4. Next if a = 3, then we obtain p6 1. In case p = 0, we
again have that C is a trigonal curve and L ∼= K − 5g13 + R12 for some R12, which
yields (b). Assume p = 1, then we get b = 0 and n = 2 since n = (d − b)=3 − 1 and
(m−2)=m(d−b)6 2+a−b−2p. Hence we get L ∼= K−∗g23 +R6 for some R6 ∈C6
which produces (c).
Finally if m=4, then we obtain p6 (6+a−b)=4−2 which yields p=0 and b6 a−2.
Also we obtain n = 2 since 26 n = (d − b)=4, (m − 2)(d − b)=m + 2p6 2 + a − b.
For a= 2 we have b= 0, g2d = 2g
1
4 and L ∼= K − 2g14 + R6 for some R6. For a= 3 we
have either b = 0, g2d = 2g
1
4, L ∼= K − 2g14 + R5 for some R5 or b = 1, g2d = 2g14 + P,
L ∼= K − 2g14 − P + R6 for some R6 which are the cases in (d).
It is possible to extend this result by similar methods as above. But we meet more
complicated situations for 2g− 2− a; a¿ 4.
4. Normal generation of special line bundles of degree 2g− 7
In this section we study the normal generation of special very ample line bundles
of degrees near 2g− 2. As we introduced in Section 1, there is no normally generated
line bundles of degree d6 2g on hyperelliptic curves. The canonical bundle on a
nonhyperelliptic curve is normally generated by a theorem of Noether. Thus any special
very ample line bundle of degree 2g−2 is normally generated. For degrees 2g−3(g¿ 5)
and 2g − 4(g¿ 11), Akahori proved that every special very ample line bundle is
normally generated [2]. In fact, he missed the following case. For d=2g− 3, consider
C is a smooth plane quintic curve, then any special line bundle L of degree 2g− 3 on
C is given by |L|= |K−P| for some P ∈C. This special line bundle is very ample. Let
D= |H − P| where H is a line section of C. Then degD=4 and dimL(D) = 1 since
|D+P|= g25. Thus D fails to impose independent conditions on quadrics in PH 0(C; L)
and hence L is not normally generated by Lemma 2.1. We have known the conditions
that special line bundle of degree 2g − 5 (resp. 2g − 6) is normally generated with
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genus g¿ 16 (resp. g¿ 22) [7]. Hence we investigate the normal generation of special
line bundles of degree 2g− 7 with a diIerent point of view.
For the convenience, we de;ne the following terminologies as follows before the
proof of Theorem 1.2. We frequently use these during the proof.
De$nition 4.1. (i) For a base point free |L| if we have dim|KL−1+P|=dim|KL−1|+1
for some P ∈C then we obtain a contradiction to the base freeness of |L|. We will
call this kind of process a (BP) process with P. (Here (BP) means to be base point.)
(ii) For a very ample |L| if we have dim|KL−1 +P+Q|=dim|KL−1|+1 for some
P;Q∈C then we get a contradiction to the very ampleness of |L|. We will call the
above process a (VA) process with P;Q. (Here (VA) means to be very ample.)
(iii) Assume we get a contradiction to the speciality h1(L) via some calculations.
We will call this kind of process a (SP) process. (Here (SP) means to be speciality
condition.)
Proof of Theorem 1.2. Assume L is not normally generated. Let A, Bb, R and gnd be as
in the setting up before Lemma 2.6. Then L is the case of a= 5; s= 1 in Lemma 2.6.
Thus gnd(−Bb) is not birationally very ample since n¿ h1(C; L) + 1 = 2. Consider the
morphism  : C → C′ ⊂ Pn associated with gnd(−Bb). Let H be a hyperplane section
of C′ and m := deg.
If |H | is special, then 26 n6 (d− b)=2m which implies
4(m− 1)6 2n(m− 1)6 (m− 1)(d− b)
m
= CliI(gnd(−Bb))6 5− b:
Therefore m= 2, n= 2 and b= 0; 1. Suppose b= 0, then we have 86d6 10 and so
gnd = g
2
8 or g
2
10. On the other hand we obtain CliI(g
2
10)  5 which is a contradiction.
Hence we get gnd = g
2
8 and |H | = g24 and C is a double covering of a smooth plane
quartic curve since |H | is special birationally very ample. Thus we acquire E5 :=
|KL−1| = g28 − R3 = ∗(g24) − R3 for some R3 ∈C3, and so the points of (E5) lie on
a line in P2 and R3 + E5 = ∗(Q1 + · · ·+Q4) for some line section Q1 + · · ·+Q4 of
C′. Let (Pi) =(P˜i) =Qi for i=1; : : : ; 4. Hence we meet two diIerent arrangements
of the points of E5 after renumbering su6xes, if necessary, as follows. Of course,
some points may have multiplicity, however, it does not aIect following argument. In
case of E5 = P1 + P˜1 + P2 + P˜2 + P3 being arranged as black dots in the left side of
Fig. 1, then we have dim|E5 + P˜3| = 1 and so dim|L − P˜3| = dim|L| which induces
L has a base point P˜3. It is a contradiction. That is, we meet a (BP) process with
P˜3 as we see in De;nition 4.1. From now on we just mention only a (BP) process
with P˜3 in such cases. If E5 = P1 + P˜1 + P2 + P3 + P4 being arranged as black dots
in the right side of Fig. 1, then we have dim|E5 + P˜2 + P˜3| = dim|E5| + 1 and so
dim|L − P˜2 − P˜3|¿ dim|L| − 1. Therefore L is not very ample which is absurd. It
means that we meet a (VA) process with P˜2; P˜3 as we see in De;nition 4.1. From
now on we just mention only a (VA) process with P˜2; P˜3 in such cases.
Assume b = 1, then we have d = 9, |H | = g24 and gnd = ∗g24 + P for some P ∈C.
Therefore C′ is a plane quartic and smooth since |H | is special birationally very ample.
Thus E5 := |KL−1|= g28 +P−R4 =∗(g24)+P−R4; P  R4 ∈C4 and there are at least
four points of (E5) which lie on a line in P2 such that R4+E5=∗(Q1+· · ·+Q4)+P
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Fig. 1. b = 0 and d = 8.
Fig. 2. b = 1 and d = 9.
Fig. 3. b = 1 and d = 9.
for some line section Q1+ · · ·+Q4 of C′. Let (Pi)=(P˜i)=Qi for i=1; : : : ; 4. Hence
we meet ;ve diIerent arrangements of the points of E5 after renumbering su6xes, if
necessary, as follows. Suppose E5 = P1 + P˜1 + P2 + P˜2 + P3 being arranged as black
dots in the left side of Fig. 2, then we meet a (BP) process with P˜3. In case of
E5 = P1 + P˜1 + P2 + P˜2 + P being arranged as black dots in the right side of Fig. 2,
then we encounter a (VA) process with P3; P˜3.
Assume E5 = P1 + P˜1 + P2 + P3 + P4 (resp. E5 = P1 + P˜1 + P2 + P3 + P) being
arranged as black dots in the left (resp. right) side of Fig. 3, then we meet a (VA)
process with P˜2; P˜3.
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Fig. 4. b = 1 and d = 9.
Consequently, we have left the case E5 =P1 + · · ·+P4 +P and R4 = P˜1 + · · ·+ P˜4 in
Fig. 4. Hence, for any two distinct points Pi; Pj ¡E5, we have (Pi) = (Pj) which
is case (1) in this theorem.
Claim. For case (1) in this theorem the converse holds. Precisely, suppose C is a
double covering of a smooth plane quartic curve via some morphism . Let L ∼=
K(−E5) where E5 = P1 + · · ·+ P4 + P such that the points
∑4
i=1 (Pi) lie on a line
l with (Pi) = (Pj); (P) ∈ l. Then L is very ample and not normally generated.
Proof. Assume L ∼= K(−E5) is not very ample, then there exist Q; S ∈C such that
dim|E5+Q+S|¿ 1. Since L is generated by its global sections we have dim|E5+Q|=0
and hence |E5 + Q + S|= g17. The morphism g17 ×  is birational since g17 cannot be
compounded with . Thus Castelnuovo–Severi genus bound induces that g6 6+2 ·3=
12, which is a contradiction. Hence L is very ample. Let (Pi) = (P˜i) =Qi, Qi ∈C′
and D4 = P˜1 + · · ·+ P˜4. Note that Qi’s are collinear by the assumption about
∑4
i=1 Pi.
Therefore we get
dim|L− D4|= g− 10 + dim|KL−1 + D4|¿ g− 10 + dim|∗(Q1 + · · ·+ Q4)|
= g− 8:
Thus we obtain dimL(D4)6 1 and whence D4 fails to impose independent conditions
on quadrics in PH 0(C; L). Moreover, we have H 1(X; L2(−D4))=0 since degL2(−D4)=
4g − 18¿ 2g − 2. Hence, by Lemma 2.1, L is not normally generated. Whence the
claim is proved.
Assume |H | is nonspecial, then n = (d − b)=m − p. Consider |H | = gn(d−b)=m of C′.
Then we get the following equation:
(m− 2)(d− b)
m
+ 2p= CliI(gnd(−B))6 5− b:
Thus 06 (m − 2)(d − b)=m6 5 − b − 2p. Since 26 n = (d − b)=m − p, we have
(m − 2)(p + 2)6 5 − b − 2p and so p6 (9 − b)=m − 2. Hence we have m = 2 and
p6 2, or m= 3 and p6 1, or m= 4 and p= 0, with b= 0; 1.
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Fig. 5. m = 2 and p = 2, b = 0.
Suppose m=2, p=0, then C is a hyperelliptic curve which cannot occur. If m=2 and
p=1, then C is a bielliptic curve, then we have dim|E5+P+Q|¿ 1 for some P;Q∈C,
which is a contradiction since L=K(−E5) is very ample. Assume m=2 and p=2, b=0.
Then we have E5 = |KL−1|=∗gnn+2−R2n−1 for some R2n−1 ∈C2n−1. Let E5 +R2n−1 =
∗(
∑n+2
i=1 Qi) and (Pi)=(P˜i)=Qi for some Pi; P˜i ∈C;Qi ∈C′. If we note that R2n−1+
E5 = ∗gnn+2, then there exist at least (n− 3) pairs (Pi; P˜i) such that Pi + P˜i6R2n−1.
Therefore we have ∗gnn+2 − R2n−1 ∼= ∗g35 − R5. Hence we meet three diIerent ar-
rangements of the points of E5 after renumbering su6xes, if necessary, as follows. First
assume E5=P1+P˜1+P2+P˜2+P3 being arranged as black dots in the upper left side of
Fig. 5, then we meet a (BP) process with P˜3. If E5 = P1 + P˜1 + P2 + P3 + P4 being
arranged as black dots in the upper right side of Fig. 5, then we encounter a (VA)
process with P˜2; P˜3. If E5 = P1 + · · · + P5 being arranged as black dots in the lower
side of Fig. 5, then for any two distinct points Pi; Pj ¡E5 we have (Pi) = (Pj)
for any i; j∈{1; : : : ; 5} which is case (2) in this theorem. For this case the converse
holds. In fact, if C is a double covering of a genus 2 curve C′ via some morphism 
and E5 = P1 + · · ·+ P5 such that (Pi) = (Pj) for some Pi ∈C, then L=K(−E5) is
very ample by Castelnuovo–Severi genus bound as the proof of the above claim. Let
(Pi)=(P˜i); D4 := P˜1 + · · ·+ P˜4, then dim|D4 +E5|¿ 2 and thus D4 fails to impose
independent conditions on quadrics in PH 0(C; L) and so L is not normally generated
by the similar proof of the above claim.
Suppose m = 2 and p = 2 with b = 1. Then we have E5 = |KL−1| = ∗gnn+2 + P −
R2n; P  R2n ∈C2n. Let E5 +R2n=∗(
∑n+2
i=1 Qi)+P and (Pi)=(P˜i)=Qi for some
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Fig. 6. m = 2 and p = 2, b = 1.
Fig. 7. m = 2 and p = 2, b = 1.
Pi; P˜i ∈C;Qi ∈C′. If we note that R2n+E5 =∗gnn+2+P there are at least (n−3) pairs
(Pi; P˜i) such that Pi + P˜i6R2n. Thus we have ∗gnn+2 + P − R2n = ∗g35 + P − R6.
Therefore we meet six diIerent arrangements of the points of E5 after renumbering
su6xes, if necessary, as follows:
(i) In case of E5 = P1 + P˜1 + P2 + P˜2 + P3 being arranged as black dots in the left
side of Fig. 6, then we meet a (BP) process with P˜3.
(ii) If E5 = P1 + P˜1 + P2 + P˜2 + P being arranged as black dots in the right side of
Fig. 6, then we encounter a (VA) process with P3; P˜3.
(iii), (iv) Assume either E5 = P1 + P˜1 + P2 + P3 + P4 (left side) or E5 = P1 + P˜1 +
P2 + P3 + P (right side) being in Fig. 7, then we come upon a (VA) process with
P˜2; P˜3.
(v), (vi) Thus we have left to meet two cases in Fig. 8, that is, all the points of
(E5) are distinct, which are the cases in (2) of this theorem. The converse holds
which was mentioned before.
If m= 3 and p= 0, then C is a trigonal curve. Thus there exist P;Q∈C such that
dim|E5 + P + Q|¿ 1 which cannot occur for the very ample L= K(−E5).
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Fig. 8. m = 2 and p = 2, b = 1.
Fig. 9. m = 3, p = 1, b = 0.
Assume m = 3 and p = 1, then we get n = 2; d = 9; b = 0 since 26 n = (d − b)=
m − p; (m − 2)=m(d − b)6 5 − b − 2p and so gnd = g29 = ∗(g23). Thus we obtain
R4+E5=∗(Q1+Q2+Q3) for some Q1; Q2; Q3 ∈C′ and R4 ∈C4 since E5 := |KL−1|=
gnd − R4. Let Qi = (Pi1) = (Pi2) = (Pi3); Pi1; Pi2; Pi3 ∈C for i = 1; 2; 3. Hence we
come upon three diIerent arrangements of the points of E5 after renumbering su6xes,
if necessary, as follows. In case of E5 =P11 +P12 +P13 +P21 +P22 being arranged as
black dots in the upper left side of Fig. 9, then we meet a (BP) process with P23. If
E5 =P11 +P12 +P21 +P22 +P31 (resp. E5 =P11 +P12 +P13 +P21 +P31) being arranged
as black dots in the upper right (resp. lower) side of Fig. 9, then we encounter a (VA)
process with P13; P23 (resp. P22; P23).
Assume m=4 and p=0, then we have 8+ b6d6 10− b since (m− 2)=m(d− b)
6 5 − b − 2p and 26 n6 (d − b)=m + p. Thus we get n = 2; d = 8; b = 0 or n =
2; d=9; b=1. For n=2; d=8; b=0, we obtain E5 := |KL−1|= g28−R3 =∗(g22)−R3
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Fig. 10. m = 4, p = 0, b = 0.
Fig. 11. m = 4, p = 0, b = 1.
for some R3 ∈C3. Thus we get R3 + E5 = ∗(Q1 + Q2) for some Q1; Q2 ∈C′. Let
Qi=(Pi1)= · · ·=(Pi4); Pi1; : : : ; Pi4 ∈C for i=1; 2. Hence we encounter two diIerent
arrangements of the points of E5 after renumbering su6xes, if necessary, as follows.
If E5 = P11 + P12 + P13 + P14 + P21 being arranged as black dots in the left side of
Fig. 10, then |E5| = |∗(g11) + P21| which implies dim|E5|¿ 1. It is a contradiction
since dim|KL−1| = dim|E5| = 0. We meet a (SP) process by De;nition 4.1. If E5 =
P11 + P12 + P13 + P21 + P22 being arranged as black dots in the right side of Fig. 10,
then we come upon a (BP) process with P14.
For n = 2; d = 9; b = 1, we acquire E5 = |KL−1| = g28 + P − R4 = ∗(g22) + P −
R4; P  R4 ∈C4. Thus we obtain R4 + E5 = ∗(Q1 + Q2) + P for some Q1; Q2 ∈C′.
Let Qi=(Pi1)= · · ·=(Pi4); Pi1; : : : ; Pi4 ∈C for i=1; 2. Hence we meet ;ve diIerent
arrangements of the points of E5 after renumbering su6xes, if necessary, as follows.
Assume either E5 = P11 + P12 + P13 + P14 + P21 or E5 = P11 + P12 + P13 + P14 + P
being arranged as black dots in Fig. 11, then we meet a (SP) process. If either E5 =
P11 + P12 + P13 + P21 + P22 (upper left side) or E5 = P11 + P12 + P13 + P21 + P (upper
right side) being arranged as black dots in Fig. 12, then we encounter a (BP) process
with P14. In case of E5 = P11 + P12 + P21 + P22 + P being arranged as black dots in
the lower side of Fig. 12, then we come upon a (VA) process with P13; P14.
We see that such methods can be applied to the line bundles of lower degrees. But
we have to meet more various situations in those cases. In fact, it is possible to ;nd
such examples not being normally generated line bundles of lower degrees.
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Fig. 12. m = 4, p = 0, b = 1.
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